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THEORY  OP  NUCLEAR  BREAKUP  ‘ 

<  J 

following  Is  the  translation  of  an  article  by  Ya.  B.  : 

Zel'dovich  and  Yu.  A.  Zysin  entitled  nK  Teorii  Raavala 
lader  (English  version  above)  in  Zhurnal  Eksperimental'noy 
i  Teoretieheskoy  Fiziki  (Journal  of  Experimental  and  , 

Theoretical  Physics)  Vol.  10,  No.  8,  1940,  pp  831 

834./  ' 

The  possible  state  of  a  nucleus  during  the  instant  of  its 
disintegration  into  two  approximately  equal  nuclei  is  considered. 
Calculation  of  the  energy  of  two  contiguous  ellipsoids  of  revolution 
contradicts  the  predictions  of  Ya.  I.  Frenkel*  in  favor  of  the  exis¬ 
tence  of  essentially  non-spherical  nuclei.  The  order  of  magnitude 
obtained  for  the  value  of  the  energy  of  the  ellipsoids  makes  it 
possible  to  describe  satisfactorily  the  observed  formation  of  several  j 
fast  neutrons  during  each  act  of  breakup,  as  the  evaporation  of  j 

I 

these  neutrons  by  the  fragments  excited  during  the  fission  process. 
Bohr*s  theory  describes  the  nucleus  as  a  liquid  drop  with  uni- 


form  charge  density,  from  which  electrostatic  energy  flows  out*  Tbs 
short-range  attraction  forces  of  the  nuclear  particles  causes  a 
definite  heat  of  their  evaporation,  and  also  surface  tension  of"  the 
drop. 

In  1939,  the  most  important  success  of  the  theory  was  the 
description  of  the  fission  of  heavy  nuclei  under  the  influence  of 
neutron  bombardment  into  two  approximately  equal  fragments,  accom¬ 
panied  by  the  release  of  tremendous  energies  (100  —  200  Mev)  even 
for  radioactive  processes,  and  the  formation  of  several  neutrons 
("neutron  dust")  during  the  breakup.  This  was  (discovered jy  Meitner 
and  Frisch  /!/.  This  last  feature  is  of  particular  interest,  since 
it  opens  up  a  principal  possibility  of  a  chain  breakup  of  macro¬ 
scopic  quantities  of  uranium  [ij .  Fission  theory,  which  has  been 
developed  in  detail  by  three  physicists  --  Bohr  (Denmark),  Wheeler 
(U.S.A.)  and  Frenkel5  (USSR)  [i] >  there  is  (provision  for  the 
stability  of  the  spherical  form  of  a  uniformly-charged  drop  of  an 
incompressible  liquid,  having  definite  surface  tension. 

It  is  shown  that  the  spherical  shape  becomes  unstable 
under  small  deformations  when  the  ratio  of  the  electrostatic  energy 


to  the  surface  energy  0  becomes 


£/0>  2. 


Furthermore,  all  three  mentioned  authors  consider  two  contiguous 
spherical  nuclei,  obtained  by  fission  of  the  initial  nuclei.  It  is 


|  the  voluiae  is  equal  to  or  leee  than  the  energy  of  the  initial  ephere,  j 

If  or  the  latter 

F  £/0>2.42.  <2> 

Let  us  Introduce  a  oertain  parameter  a,  which  describee  the 
urse  of  the  fission,  and  for  convenience  in  graphical  representation 
shall  choose  a  such  that  for  an  initial  nucleus  of  spherical  j 

ape  a  *  0.  *  Poring  the-  instant  when  the  two  produced  nuclei  are  j 

ntlguoua  in  a  point  (which  is  an  essential  stage  in  the  fission), 
a  lj  finally,  when  the  produced  nuclei  have  moved  an  infinite  dis- 

nce  apart,  a  a  2.  ! 

-  . — 

*  The  figure  2,17  given  by  Frenkel1  is  the  result  of  an 
•ithoetic  error,  since  the  corresponding  formula  in  his  artiole  j 

is  written  incorreotly.  See  also  a  plot  of  the  function  f*  (x)  (the  | 
Lted  paper  by  Bohr  and  Wheeler,  Fig.  A)*  f*(x)  =  0  when  x  a  1.2,  j 

ie re  x  x  E/20  is  the  Bohr  parameter.  j 

For  the  value 

2<£/G<2.42 

he  above  calculations  lead  to  the  variation  of  the  energy  during  the 
ourae  rtf  the  breakup  as  shown  in  Fig.  1  by  means  of  the  solid  line. 


| - The  left  degment^OA  is  the  result  of  the  calculation  of  the  j 

j  small  deformations  of  the  drop  a*k  at  E/0  >  2j  the  right  portion  ! 

;  BC  ia  the  result  of  the  calculation  of  the  energy  of  two  small  j 

spheres  as  functions  of  the  distance.  From  the  comparison  of  the 
two  solid  lines  given  in  Fig.  1,  two  essentially  different  conclusions^ 

can  be  drawn.  ! 

I.  By  joining  the  solid  segments  with  a  smooth  curve  (hashed 

curve,  total  curve  QABC)  we  of  necessity  obtain  an  energy  minimum  at 
a  <  1.  Physically  this  means  that  the  heavy  nuclei  have  a  stable 
j  form  different  from  spherical  (Frenkel* ) . 

I  2.  Another  possibility  —  disintegration  through  a  form  which 

differs  from  the  two  equal  contiguous  spheres  "tidal  perturbed 
form"  (Bohr  and  Wheeler).  If  a  sufficiently  small  energy  corresponds 
to  this  form  (point  3,  Fig.  1),  the  reasons  for  the  ideas  of  stable 

non-spherieal  shapes  disappear. 

The  calculations  which  are  the  subject  of  the  present  article 
pertain  precisely  to  the  energy  at  the  instant  of  the  disintegration, 
i.e.,  to  finding  the  ordinates  of  the  point  D,  a  ~  1. 

It  is  easy  to  find  that  for  a  given  charge  and  volume,  pair- 
like  shapes  have  the  minimal  energy  at  the  instant  of  contact. 

However,  even  calculation  for  ellipsoids  of  revolution  which 
'are  prolate  along  the  line  of  centers  (Fig,  2)  gave  sufficiently 
definite  qualitative  results. 


■r 


- 1  section  through  W  ellipsoids  is  shown  in  Fig.  2  by  naans 

of  a  solid  lias.  The  length  of  the  major  seal-axis  is  deaoted  by  o, 
and  that  of  the  minor  seal-axle  by  b.  At  a  given  ratio  c/b,  eaoh  of 
the  semi-axes  oaa  be  readily  obtained  ffcom  the  condition  of  conserva¬ 
tion  of  volume 

2e6*=ra\  (4) 

where  ro  is  the  radius  of  the  initial  nucleus. 

We  obtain  the  surface  energy  from  the  veil  known  formula 

0—2xab(~~*— j-»rcsm«)>  © 

where  |my T^VP-' 

The  electrostatic  energy  of  an  individual  ellipsoid 

is  detrained  from  the  formula 

!  E=1 
c  10 

It  is  somewhat  more  complicated  to  determine  the  mutual  energy 
of  the  ellipsoids.  An  exact  analytic  calculation  for  the  mutual 
energy  of  two  ellipsoids,  based  on  the  method  proposed  by  Laguerre 
{Jj  far  the  particular  case  of  two  homogeneous  prolate  ellipsoids  of 

revolution,  yields  the  formula 

r  _  9(.i2f> Y7 f  -jniLrJg. -■  (7) 

tB  *  J  .J  J  2at  —  t  Vc2  —  A*  —  <0  -  **  > 

ewil  0  j 

i 

The  calculation  of  this  formula  has  led  to  a  veiy cumbersome 
expression,  containing  more  than  100  terms.  A  calculation  carried  out 
for  o/b  *  2  gave  results  whioh  coincide  within  3%  with  the  corres¬ 
ponding  data  of  the  approximate  method  proposed  below,  whioh  was  used 


to  oarry  out  (11  tlx  oilooliiioosa  ^ 

If  it  is  considered  in  addition  that  tbs  mutual  energy  amounts 
to  only  part  of  the  total  energy,  then  the  possible  error  in  the 
calculation  of  the  total  energy  will  be  on  the  order  of  a  fraction 
of  the  percent.  For  a  specified  oharge  (e/2)  of  each  of  the  ellip¬ 
soids  and  a  distance  2o  between  oenters,  the  electrostatio  energy 
of  interaction  is  obtained  in  an  elementary  manner  from  two  limiting 


cases: 


When  b 


c,  spheres,  thin  lines  of  Fig.  2: 

Ak  • . 


For  b  — e*  0  "rods,"  **  dotted  line,  Fig.  2* 

!  -  _ V/i¥. 

i  *i,»  1.74c  \  2  / 


**  On  a  rod  obtained  by  a  transition  to  the  limit  from  an 

\ 

ellipsoid,  the  charge  density  is  distributed  not  uniformly,  but  in 

'  2  o 

accordance  with  the  law  ^  ***  (c/2)  -  a  ,  Where  a  is  the  distance 

from  the  center  of  the  rod. 


.  In  the  region  of  interest  to  us 

0<  A<c 

e  interpolate  in  accordance  with  the  formula 


^!,l - 


v'S.04e*  ■+•  0.966* 


The  form  of  formula  (11)  represents  simplest  ideas  concerning 


t he  depeadanne  of  the  energy  E^oa  b.  and  the  coefficients  in  (11) 

'  V  *v  « ■  .■  ■  1  ’  .  *  *  » 

are  bhossh  such  as  to  satisfy  the  two  limiting  eagreasions  (8)  and 

*  ■  *  „  » 

i  (9).  •' 

The  results  of  the  calculations  are  summarised  in  Table  1.  For 
different  ratios  E/0  of  theinitial  nucleus,  we  give  the  energies 
referred  to  the  surface  energy  of  the  initial  nucleus »  the  first 
oolumn  contains  the  energy  of  the  initial  nucleus,  and  the  following 
columns  the  energies  of  the  two  contiguous  ellipsoids  obtained  from 
the  initial  nucleus,  for  different  values  of  o/b  *  1,  2,  3,  4,  and  5. 

Is  can  be  seen  from  Table  1,  the  minimum  energy  is  reaohed  and 
the  investigated  interval  of  E/0  when 

3<c/i<4.  <12) 

Table  1 

1)  S/0  of  the  initial  nucleus,  2)  (B  +  0)/0  of  the  initial 
nucleus 


2 

j 

4 

1414 

3118 

1312 

1254 

3.118 

1180 

3.095 

1038 

3.050 

2,939 

2.898 

2.918 

2.779 

2.755 

2.789 

170 

1686 

1723 

1659 

1650 

2.69 

?.620 

2.614 

2.658 

1462 

2,47$ 

2327 

This  energy  is  less  than  the  energy  of  the  initial  nucleus  when 
5/0  >  1.65. 


P  The  nucleus  for  which  relation  (3)  holds  cannot  be  in  the  form 

j  0f  a  sphere.  Nor  can  it  disintegrate  via  contiguous  spheres.  Our 

4 

j  calculation  shows,  however,  that  the  disintegration  via  two  prolate  j 
I  contiguous  ellipsoids  is  not  forbidden.  ■ 

i 

For  the  interval 

1.65  <  E  0<  2  .03)  : 

our  data  on  the  variation  of  the  energy  during,  the  breakup  process 
I  are  shown  in  Fig.  2,  where  all  the  symbols  etc.  are  taken  from  Fig. 

i  i. 

The  segment  OMi  (where  M  is  the  maximum  energy)  is  taken  from  : 

Bohr.  The  position  of  the  point  D,  corresponding  to  two  ellipsoids,  ! 

|  ig  taken  from  our  own  data.  Since  in  the  indicated  interval  (33) 

the  point  D  is  located  below  B,  there  are  no  grounds  for 

assuming  the  presence  of  any  additional,  minima  in  the  interval. 

Confining  ourselves  to  an  analysis  of  spheres  (segment  BC),  we  would 

arrive  at  entirely  different  conclusions,  which  have  no  connection 
I 

|  with  reality. 

|  : 

!  Considering  instead  of  ellipsoids  asymmetrical  pair-shaped 

of 

forms,  we  would  undoubtedly  reduce  the  lower  limit ^13). 

Finally,  comparing  the  energy  at  the  point  D  with  the  energy  of  : 
the  point  M,  but  not  at  the  point  0  (Fig.  3),  we  should  obtain  Efi  j 
for  all  values  of  E/G.  j 

j 

It  ia  curious  that  after  moving  an  infinite  distance  apart ?  the  j 


|  energy  of  the  two  of  ellipsoids  is  naturally  greater  than  the  | 

i  energy  of  two  remote  spheres  (see  placement  of  points  F  and  C  for 

!  a  a  2  in  Figs.  1  and  3).  ! 

1  | 

The  energy  difference  reaches  3.5  S/0  1.8  =  c/b  approxi-  j 

mately  0.078  0  (0  is  the  surface  energy  of  the  initial  nucleus),  i.e.,; 
approximately  42  Mav  for  each  produced  nucleus.  The  excitation 
energy  of  the  nucleus  will  be  converted  primarily  into  evaporation 
of  neutrons.  With  a  relatively  low  binding  energy  of  the  neutrons 
in  a  nuclei  of  fragments  having  an  anomalous  ratio  of  charge  to  mass,  ; 

i 

one  can  thus  explain  the  emission  of  e  considerable  number  of  neu- 

i 

troas  per  fission  event,  and  also  the  frequently  observed  very  large  • 
neutron  energies  /5 /.  \ 

\  j 

Actually,  even  in  the  case  when  the  fission  proceeds  via  two 

j 

contiguous  ellipsoids,  their  shape  changes  upon  further  elongation. 

The  calculations  of  part  of  the  energy  of  deformation  of  the  fragments, 

which  is  converted  into  kinetic  energy,  and  of  that  part  which  can  be 

i»ed  in  the  form  of  excitation  energy  for  evaporation  of  neutrons,  is 

a  problem  in  the  dynamics  of  a  nuclear  liquid,  a  field  which  has  not  ! 

yet  been  fully  developed.  i 

The  purpose  of  our  elementary  calculations  consists  of  obtaining  ! 

the  j 

an  indication  of  nc  order  of  magnitude  of  the  possible  excitation  j 

energy.  In  any  case,  the  evaporation  of  neutrons  by  excited  fragments 

appears  to  us  more  likely  than  the  mechanism  proposed  by  Bohr  and 


io 


t'  Wheeler.  Bohr  aixflfheeTer  note  that  usually  several  small  drops  are 

i 

;  placed  at  the  point  of  scission  when  one  drop  is  divided  into 
:  two,  and  identify  the  neutrons  '  precisely  with  these  small  j 

J  4 

j  ; 

!  drops. 

i 

< 

j 

i  j 
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